
Abstract Methods are presented to determine the effec-
tive macroion diffusion coefficient in the presence or ab-
sence of an electric field, using a unique analytical elec-
trophoresis apparatus in which both electrophoretic mobil-
ity and steady-state electrophoresis may be studied. Ap-
proximate analytic solutions to the differential equations
and boundary conditions describing diffusion are derived.
These solutions are shown to be good approximations to
numerial simulations of the differential equations, and pro-
vide a good phenomenological description of experimen-
tal data for the oligonucleotide p(dA)20·p(dT)20 in 100 mM
KCl, 20 mM Tris-HCl, pH 8.0 buffer. Diffusion and elec-
trophoresis measurements are made on a single sample
without changing the buffer or the macroion concentration,
thus the data are directly comparable.
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Introduction

Charge is a fundamental property of macromolecules that
is inextricably linked to their structure, solubility, stabil-
ity and interactions. The most direct means of discerning
a macroion’s effective charge in solution is by its response
to an applied electric field. However, a macroion’s behav-
ior is complicated by its connection with the behavior of
the surrounding mobile ionic atmosphere (Henry 1931;
Onsager 1932; Booth 1950; Overbeek and Wiersema
1967). A unique analytical electrophoresis apparatus
(AEA) developed in our laboratory permits both the meas-

urement of macroion electrophoretic mobilities and the de-
termination of steady-state electrophoresis concentration
distributions (Laue et al. 1989; Ridgeway et al. 1994; Laue
et al. 1996). Interpretation of this electrophoretic data re-
quires knowledge of the frictional and diffusion coeffi-
cients of the macroion. In this paper we present methods
for the determination of macroion diffusion coefficients
both in the presence and absence of an electric field using
the AEA. Diffusion and electrophoresis measurements
may be made on a single sample without changing the ar-
rangement of the apparatus.

Experimental

Instrument. A detailed description of the AEA has been
presented elsewhere (Ridgeway et al. 1994). Briefly, the
instrument is an imaging spectrophotometer using a line-
ar photodiode array to measure the light intensities from
up to 512 positions along a fused-silica cuvette. The
cuvette’s cross-section is 2×2 mm, and its top and bottom
are open. Cuvettes with distances of 2 mm and 4 mm
between the openings are available. The open ends of the
cuvette are sealed by semi-permeable membranes, which
permits the establishment of an electric field along the
cuvette’s length while retaining macroions in the field of
view.

Materials. All buffers and salts were reagent grade and
were used without additional purification. Equimolar mix-
tures of single stranded p(dA)20, Pharmacia #27-7984-01,
and p(dT)20, Pharmacia #27-7841-01, were heated to 65 °C
in 200 mM KCl, 20 mM Tris-HCl, pH 8.0 buffer, then
cooled to form double stranded p(dA)20·p(dT)20. Melting
and circular dichroism studies were used to verify that
p(dA)20·p(dT)20 was in a stable duplex form under the 
conditions of electrophoresis, and capillary zonal electro-
phoresis was used to test for sample homogeneity (not
shown). Concentrations were estimated from the A260
measured in the apparatus.
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Experimental procedures. Steady-state electrophoresis
and mobility experiments were performed at 20±0.1 °C as
described previously (Laue et al. 1996). Diffusion in the
absence of an electric field was observed by first establish-
ing a steady-state macroion gradient, and then recording
the collapse of the gradient at regular time intervals after
the exernal field was turned off. Current was supplied by
a Keithley 224 programmable current source and field
strengths were calculated using specific conductivities
measured with an VWR Scientific 1054 conductivity 
meter. The specific conductivity is not affected measur-
ably by DNA oligonucleotides at the concentrations used
here. Experiments using voltage sensing electrodes have
verified the accuracy of the calculated fields (not shown).
The buffer flow was adjusted until the pH of the effluents
from the cathode and anode electrode chambers were with-
in 0.1 unit of the initial pH.

Computer simulations. The simulation uses a finite-
difference approach such as that previously applied to sed-
imentation (Cox 1965; Cox and Dale 1981). Here, howev-
er, a rectangular cell replaces a sector shaped cell and the
simulation involves an electric field acting on a charge
rather than a gravitational field acting on a mass. The cell
is divided along its length into a set of volume elements,
each of length ∆x. Macroions move between neighboring
volume elements during a set time interval (ti). The prop-
erties of the system are used to calculate the amount of ma-
terial moved between volume elements in each time inter-
val. The properties used in these calculations include the
concentration of macroions in each volume element prior
to a given time interval, the electric field strength, the 
macroion diffusion coefficient, the temperature (set to
293.15 K), and the effective charge of the macroion (set to
8.6 proton equivalents). ANSI C or Windows versions of
the program are available at http://www.bbri.harvard.edu.

Theory and results

In this work we shall not consider all of the complications
of coupled diffusion (Onsager, 1945; Gosting, 1956), in
which the flows of each charged species are linked due to
the forces between the macroion and the salt ions compris-
ing the ionic atmosphere and the requirement of local
charge and current conservation. Instead, we assume that
macroion motion can usefully be described by a simpler
theory, with the coupled flow effects being summarized in
effective phenomenological macroion diffusion and fric-
tional coefficients. We also are implicitly assuming that
our irreversible thermodynamic system is near equilibri-
um at all times, so that the fluxes can be expanded (in a
linear approximation) about their equilibrium values.

Assuming one-dimensional motion, diffusion causes a
flow of macroion

JD = – D ∂c/∂x , (1)

where c (x, t) is the macroion concentration and D the phen-
omenological diffusion coefficient. The force due to the
external electric field, E, in the x-direction produces a flux
of macroions

JE = c v = c µ E , (2)

where v is the constant velocity acquired due to the bal-
ance of forces, and µ is the mobility (µ ≡ v/E) of the mac-
roions, assumed to be independent of the concentration.
(We are ignoring the fact that the effective electric field
acting at the macroion may not be the same as the exter-
nal field.)

Thus, the total current, due to both diffusion and the ex-
ternal field, will be

J = – D ∂c/∂x + c µ E . (3)

The continuity equation (conservation of macroions), 
∂c/∂t = ∂J/∂x, implies

∂c/∂t = D ∂2c/∂x2 – µ E ∂c/∂x , (4)

where we assume that D is independent of concentration
(in the range of our experiments) and hence independent
of x. The boundary condition is that no macroions can pass
through the membranes:

J = 0 at x = 0 and x = L , (5)

where J is given by Eq. (3).

Determining D when E = 0: To determine the zero field dif-
fusion coefficient we use a slight variant of the method of
Harned and French (1945). With E = 0, J reduces to JD, and
Eq. (4) reduces to the simple diffusion equation

∂c/∂t = D ∂2c/∂x2, (6)

with the boundary condition

∂c/∂x = 0 at x = 0 and x = L . (7)

Standard separation of variables applied to Eqs. (6) and (7)
leads to

c (x, t) = Σ Αn cos (n π x/L) exp[–(n π /L)2 D t] , (8)

where the sum is over n = 0, 1, 2, … and the Fourier coef-
ficients An are determined from the initial concentration
c(x, 0). In Appendix A we give the values of An for an in-
itial concentration, c(x, 0) = c0 exp[σ x], which is typical
for steady-state electrophoresis. Following Harned and
French, we consider the difference of concentrations at two
different positions at the same time:

∆c ≡ c(x2, t) – c (x1, t) . (9)

From Eq. (8) we see that all of the x-dependence in c(x, t)
is in the factor cos(n π x/L); hence, with x1 ≡ m1 L and
x2 ≡ m2 L, ∆c contains the factor

cos (n π m2) – cos(n π m1) = –2 sin [n π (m1 + m2)/2]
sin [n π(m2 – m1)/2] . (10)

Thus if m1 + m2 = 1, the first sine factor makes all n = even
terms vanish in ∆c. Harned and French choose m1 = 1/6,
m2 = 5/6, which also removes the n = 3 term in the sum over
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n for ∆c. We generally choose m1 = 1/3, m2 = 2/3 because
the image of the cuvette is distorted by reflections near the
membranes.

In any case, as long as m1 + m2 = 1, the series for ∆c is
dominated for “long times”, viz. (π/L)2 D t > 1, by the 
n = 1 term:

∆c = B exp[–(π/L)2 D t]
+ {terms of the order exp[–9(π/L)2 D t]} , (11)

where B is a constant independent of x and t, depending
on the initial condition, L, m1 and m2 (see Appendix A).

Hence, dropping the higher order terms,

ln (∆c) = ln B – (π/L)2 D t , (12)

and we see that D can be determined from the slope of a
plot of – (L/π)2 ln(∆c) vs. t, as illustrated by the data from
a simulation presented in Fig. 1. Errors in precisely select-
ing m1 and m2 for real data lead to a contribution from the
n = 2 term, but it will be small compared to the dominant
n = 1 term for large times. Data from a diffusion experi-
ment are presented in Fig. 2. To calculate D, the pixel cor-
responding to the lower membrane is identified and the
conjugate positions located using the known distance per
pixel. The error in locating the lower membrane is less than
100 µm (5% of the total cuvette length). Calculations us-
ing the simulated experiment of Fig. 1 show that such an
error in identifying the conjugate positions results in an er-
ror of ≤ 4% in D. The resulting plot of – (L/π)2 ln (∆c) vs.
t is linear after approximately 80 minutes (Fig. 3). A val-
ue of D = (9.9 ± 1.1) × 10–7 cm2/sec for p(dA)20·p(dT)20
was obtained from the linear portion of the data.

Determining D when E ≠ 0: When a nonzero, constant 
E field is present Eqs. (3) to (5) apply. It is still possible,
as in the E = 0 case, to construct an exact Fourier series so-
lution for c(x, t) satisfying the boundary conditions. In Ap-
pendix B we give some details of the solution and show
that no simple analog of the Harned and French method
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Fig. 1 Simulated data for the diffusion of a macroion. The solid
squares satisfy the criteria (π /L)2 D t > 1. These data were used to 
determine D, the regression yielding a value of D = (8.85 ± 0.03) ×
10–7 cm2/s, in agreement with the set parameter of the simulation.
The open squares do not satisfy the above criteria for linearity. The
parameters of the simulation were L = 0.2 cm, ∆x = L/512,
D = 8.85 × 10–7 cm2/s and ti = 0.05 s. The starting condition was 
a steady-state exponential distribution with σ = 20.01 and
c0 = 0.014925 mg/ml. The 1/3, 2/3 conjugate were used in the calcu-
lation

Fig. 2 Diffusion of the oligonucleotide p(dA)20·p(dT)20. Absor-
bance profiles were taken at 10 minute intervals, commencing at t = 0
with a steady-state exponential gradient with σ=28.4. The concen-
tration of DNA in the cuvette prior to electrophoresis was 210 µg/ml.
The dashed vertical lines mark the approximate locations of the upper
(left of image) and lower membranes of the 2 mm cuvette. Distor-
tions due to reflection (at x < 0.1 and x > 0.2) can be seen near both
membranes

Fig. 3 Determination of D for p(dA)20·p(dT)20. The 1/3, 2/3 con-
jugate positions were used to calculate ∆A from the data in 
Fig. 2. The solid squares, which satisfy the criteria (π /L)2 D t > 1, 
were used in determining D. The slope of the line yields a value of
D = (9.9 ± 1.1) × 10–7 cm2/s



exists to isolate the diffusion coefficient for the E≠ 0 case.
If it were possible to simultaneously determine the mobil-
ity, then the steady state concentration gradient would di-
rectly give D.

Instead we show that a Fourier transform method, which
essentially ignores the boundary conditions, allows us to
find a solution that can be used to extract the phenomeno-
logical effective diffusion coefficient. Applying a Fourier
transform (with respect to x) to Eq. ( 4), and treating the
interval as infinite (ignoring the boundaries), it is easy to
derive

(13)

We consider an initial condition of constant concentra-
tion in the cell before the external field is turned on:

c(x, 0) = c0 for 0 ≤ x ≤ L , (14)

and c(x, 0) = 0 outside this range. Then Eq. (13) becomes

(15)

It is the derivative with respect to time that we shall find
to be more useful:

(16)

This expression for ∂c/∂t consists of a sum of Gaussian 
distributions (modulated by factors) with a peak that 
moves in time with velocity v = µ E and with a width,
w = ED4Dt, that spreads in time. (It is from the velocity of
the peak that the mobility, µ, is determined.)

The factor w = ED4Dt in Eq. (13) is characteristic  of all
one-dimensional diffusion processes. In Appendix C we il-
lustrate this with calculations for some other initial condi-
tions.

In the region near the peak of the Gaussian where
x ≈ µ E t, the second term in Eq. (16) can be ignored, and
the simple form

(17)

which neglects the boundary conditions, (Eq. (5)), is a good
approximation for times long enough that the macroion 
boundary has mostly moved away from the upper mem-
brane and is yet to approach the lower membrane (see be-
low). In Appendix D we briefly indicate how an improved
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Fig. 4 The error in D introduced by the finite difference approxi-
mation. Simulated data was generated using the parameters
E = 3.0 V/cm, L = 0.4 cm, ∆x = L/10200, D = 8.85 × 10–7 cm2/s and 
ti = 0.0005 s, with the starting condition a uniform distribution with
c0 = 200 µg/ml. Data from this simulation was fitted to Eq. (17) us-
ing ∆c/∆t to approximate ∂c/∂t. Values of D were calculated for
t = 200 s, for the range 2 ≤ ∆t ≤ 20 s

Fig. 5 Simulated electrophoresis data fitted to Eq. (20) at times; (u)
120 s, (s) 480 s, and (e) 840 s. Not all the points used in fitting the
data are displayed. The parameters of the simulation were
E = 1.0 V/cm, L = 0.4 cm, ∆x = L/3400, D = 8.85 × 10–7 cm2/s and
ti = 0.0015 s. The starting condition was a uniform distribution with
c0 = 200 µg/ml. The time between scans used to calculate ∆c/∆t was
∆t = 0.6 s

analytical solution incorporating the boundary conditions
may be obtained.

Using real data, we must, of course, approximate ∂c/∂t
by the finite difference expression ∆c/∆t. For this approx-
imation to be valid, during the time interval ∆t the peak of
the Gaussian must move a distance small compared to the



amount that the width has spread due to diffusion:

γ = µ E ∆t/ED4Dt K1. (18)

Otherwise the motion of the peak will inadvertently be in-
cluded as part of the width increase due to diffusion. The
error introduced by the finite difference approximation
clearly increases as E and ∆t increase and as t decreases.
Simulations have been used to investigate the overestima-
tion of D as a function of γ (Fig. 4). In practice, data are
readily obtained with γ < 0.5, so that the error in D is less
than 5%.

When Eq. (17) is used to obtain D, restricted diffusion
at the upper membrane introduces an error in D that dim-
inishes with increasing time. Uncertainties in t, non-
uniform initial conditions; e.g., due to non-flat membranes
(see Appendix C and simulations below), and possible
interactions between macroions and the membrane are ad-
ditional sources of error in real data. We compensate for
these uncertainties by defining

w2 = 4 D t* = 4 D t + α (19)

where α is a  constant, and substituting w2 for 4 D t in 
Eq. (17). Data are fitted to the equation

∆c/∆t = A(x + µ E t) exp[–(x – µ E t)2/w2] (20)

where A = –[c0/√16πD
———

] t–3/2 (Fig. 5). A good fit to the sim-
ulated data is obtained when the macroion boundary is clear
of the membranes. D is determined from the slope of a
graph of w2/4 vs. t (Fig. 6). The approach exactly corrects
for uncertainties in t, and approximately compensates for
other uncertainties (Fig. 7). In this figure the plot is con-
cave upward, leading to an underestimate of D. However,
even the extreme starting condition used in this simulation
gives a value of D only 5% below the true value.

To illustrate the method we present data for electropho-
resis of p(dA)20·p(dT)20 at E = 1.0 V/cm, with images of
the cuvette collected at ∆t = 20 second intervals. Succes-
sive images are subtracted to obtain ∆c/∆t, and fitted to 
Eq. (20) (Fig. 8). A value of D = (11.9 ± 0.7) × 10–7 cm2/sec
for p(dA)20·p(dT)20 was obtained from the slope of the
w2/4 vs. t graph (Fig. 9).

Discussion

The method of Harned and French (1945) has been modi-
fied in order to measure macroion diffusion coefficients in
the absence of an electric field using the AEA. It is advan-
tageous to use the shorter 2 mm cuvettes for this method,
as the time required to attain linearity in the plot of ln(∆c)
vs. t increases with cuvette length.

It is not possible to exactly locate the membranes in the
image of the cuvette, creating an uncertainty in the loca-
tion of the conjugate positions. This error results in a con-
tribution from the even terms in the sum for ∆c, but this
becomes less significant with increasing time. In practice,
we find that the maximum uncertainty of 100 µm in the lo-

cation of the membranes in the cuvette image produces a
4% error in the estimate of D.

It should be noted that the method does not depend on
the starting conditions, and there is no requirement to know
the values for the Fourier coefficients of Eq. (8) or the co-
efficient B in Eq. (12). However, we find it convenient to
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Fig. 6 Determination of the diffusion coefficient from the simulat-
ed electrophoresis data of Fig. 5. The slope of the line gives a value
of D = (8.99 ± 0.03) × 10–7 cm2/s. The discrepancy between this 
value and the set parameter of the simulation can be attributed to the
finite nature of the simulation and to approximations involved in 
Eq. (20). The inset shows the concentration distribution at 120 s
intervals for comparison with Fig. 7

Fig. 7 The effect of non-uniform starting conditions on the deter-
mination of D. An identical simulation to that in Figs. 5 and 6 was
performed, commencing with the non-uniform condition shown 
in the inset. c1=100 µg/ml and the “step” is 0.04 cm. The slope 
of the line, fitted to data for t > 500 s, gives a value of
D = (8.4 ± 0.2) × 10–7 cm2/s



commence the experiment with a steady-state gradient, and
the values of the above coefficients for this starting condi-
tion are given in Appendix A.

A different approach was required to determine the
phenomenological diffusion coefficient of a macroion in
the presence of an electric field. We use a Fourier trans-
form method which ignores the boundary conditions and
show that this approach yields a good approximation to
both simulated and experimental data when the macroion

boundary is clear of the membranes which seal the cuvette.
(The distortion of the image close to the membranes im-
poses an equivalent constraint.) For these reasons it is ad-
vantageous to use the longer 4 mm cuvette in order to ac-
quire sufficient data to generate a linear w2/4 vs. t plot.

We choose to use the time derivative when analyzing
real data because subtraction of successive scans removes
much of the systematic noise present in the image of the
cuvette. Analysis of single images using Eq. (15) is pos-
sible but the greater noise in the data results in greater un-
certainty in D.

For the initial condition given by Eq. (14), a plot of w2/4
vs. t is expected to have a positive intercept with the ab-
scissa due to restricted diffusion at the upper membrane.
This is seen in the simulation presented in Fig. 6. With ir-
regular starting conditions, as in Fig. 7, this intercept shifts
to the left. The negative intercept of the abscissa seen in
the experimental data (Fig. 9) is consistent with the pres-
ence of imperfections in the shape of the upper membrane.

The requirement that the macroion boundary be free of
the membranes limits the range of electric fields at which
measurements can be made. It is not possible to determine D
(or µ) at the low electric fields used in steady-state experi-
ments because macroions never clear the upper membrane.
The exact solution to the E ≠ 0 case presented in Appendix
B could form the basis of a solution to this problem and is
currently under investigation.

In summary, we have demonstrated the feasibility of us-
ing approximate analytic solutions to the differential equa-
tions and boundary conditions describing diffusion in the
AEA to determine effective macroion diffusion coeffi-
cients. The solutions are good approximations to numeri-
cal simulations of the differential equations, and provide a
good phenomenological description of the experimental
data for the oligonucleotide p(dA)20·p(dT)20 in 100 mM
KCl, 20 mM Tris-Cl, pH 8.0. Diffusion measurements are
made on the sample used for electrophoresis, at the same
macroion concentration, in the same buffer, so that data are
directly comparable. Values of D obtained by the above
methods will assist in the interpretation of electrophoresis
experiments conducted as part of our research into the
charge and hydrodynamic properties of macroions.
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Appendix A: Some details of the E =0 series solution

The values of the Fourier coefficients, An, in Eq. (8) for an initial
concentration, c(x, 0) = c0 exp[σ x] follow directly from the orthog-
onality of the cos(n π x/L) functions. We find

A0 = (c0/L σ) (eLσ– 1)

An = (2c0 σ /L) ((– 1)n eLσ – 1)/(σ2 + (n π /L)2).

The coefficient B in the n = 1 term in ∆c, Eq. (11), follows from A1.
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Fig. 8 Electrophoresis of 180 µg/ml p(dA)20·p(dT)20 and
E = 1.0 V/cm. Data for times (u) 130 s, (s) 370 s, and (e) 710 s
were fitted to Eq. (20). Not all the points used in fitting the data are
displayed. The time between scans used to calculate ∆A/∆t was
∆t = 20 s. The approximate locations of the upper and lower mem-
branes is 0.04 cm and 0.44 cm, respectively

Fig. 9 Determination of the diffusion coefficient of p(dA)20·p(dT)20
from the data of Fig. 8. The slope of the line gives a value of D =
(11.9 ± 0.7) × 10–7 cm2/s



We find

B = [(4c0 σ/L) (eLσ + 1)/(σ2 + (π/L)2)] sin[(m2 – m1) π/2] .

Appendix B: Some details of the E≠0 Fourier series 
solution

The boundary value problem described by Eqs. (3) to (5) can be
solved by a straightforward separation of variables technique. One
finds

where the leading term is the steady-state solution, (when c becomes
independent of time, ∂c/∂t = 0), and the coefficients cE and An are de-
termined by the initial conditions. Obviously the steady-state con-
centration gradient gives D directly if µ and E are known.

If we proceed as in the E = 0 case and try to use the Harned and
French method expanding for large t, ((π/L)2 D t > 1), keeping only
the n = 0 and n = 1 terms, we find

If we now form a concentration difference at two different x-values,
the leading term varies with x and does not cancel out as in the E =
0 case. In fact the solution is dominated by the steady-state term
which is approached rapidly for large times if E is not too small.

Appendix C: Effect of non-uniform initial condition

As examples, we present two simple analytical calculations of c(x, t)
for non-uniform initial conditions. If instead of the uniform initial
condition given by Eq. (14), we assume

c(x, 0) = c0 (1 – e–ax) ,

then instead of Eq. (15), we find

With the initial condition

c(x, 0) = c1 for 0 ≤ x ≤ x0 and c(x, 0) = c0 for x0 ≤ x ≤ L,

we find
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This starting condition is used in the simulation presented in Fig. 7,
with x0 = L/10 and c1 = c0/2.

Appendix D: Improving the analytic solution for E ≠ 0

To include the boundary condition, Eq. (5), in the solution of the dif-
fusion equation, Eq. (4), several approaches are possible. One is to
make a Laplace transform in t. The boundary conditions at the mem-
branes can then be imposed rather easily; the difficulty arises in com-
puting the inverse Laplace transform. Here an expansion for short
times or a saddle point approximation are possible approaches. The
resulting expansions are complicated and do not seem necessary for
the work presented in this paper.

Another approach based on a useful change of dependent vari-
able introduced by Furth,

c* = c exp[–(v/2D) (x – x0) + v2t/4D] ,

where v = µ E, is described in the book by Jost (1952).
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